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DEFECTS OF CYLINDRICAL TYPE IN NEMATIC LIQUID CRYSTALS:
DIRECTOR FIELDS OF MIRROR SYMMETRY

TATIANA KUSHNARYCVA, STANISLAV KUSHNARYOV,

VITALY PERSHIN

Department of Physics, Cheliabinsk State University,
Cheliabinsk, Russia

Abstract Within the framework of continuum theory of
nematic ordering a new class of defects, which have
stable director fields of cylindrical type with integer
and half-integer topological invariants, has been stud-
ied.

INTRODUCTION

It is well known that the symmetry of nematic ordering al-
lows an occurrence of line and point topological defects -
disclinations and hedgehogs in nematic liquid crystals.
Classic line defects are Frank’s planar disclinations?
which in one-constant approximation of continuum theory 1is

described by director fields n(¥) of the form

ny = sinacosfP, n, = sinasinf, n, = cosa (1)
where
a=mn/2, B = ke, (2)

k = n/2 (n is an integer) is a disclination strength.
Eguilibrium director fields of nematic distortions
around point defects of axial symmetry can be approximately

described by the following angular functions?

k@ ~ k6, By = ¢, k = n. (3)

The following solutions of equilibrium equations are also

3,4
(
af® = 2atanlc

possible
i)
tan -

C 0, 4
> > (4a)

Bk((p) = k(P + Co, k = n/2 (4b)

[3115)/549



Downloaded by [Tomsk State University of Control Systems and Radio] at 11:40 18 February 2013

550/[3116] T .V.KUSHNARYOVA, S.V.KUSHNARYOV, AND V.K.PERSHIN

where C and Cqy are arbitrary parameters.l'4 When k = 1 Eqg. (4)
corresponds to well-known solution of nematic equilibrium
equations for variable modifications of the radial hedgehog.
For k # 1 the parameter Cy in Eg. (4b) only fixes an orienta-
tion of the defect in 3D-space, and we can take it to be
equal to zero without any loss of generality.

The aim of the present work is to study topological de-
fects in nematic liquid crystals, which have director fields
described by Egs. (4) Their structures, symmetries, energet-

ics and topological characteristics have been considered.

STRUCTURE AND SYMMETRY

Let us consider structures of defects described by Egs. (4).
For this we take a system of differential eguations for the

director in cylindrical coordinates (p,Q,z)

d{1np)

“a - cot(Blo) - o),

{% = tan a cos(B((p) - (p),

The first of Egs.(5) describes the structure within xy-
plane, and the second one gives the spatial variation of the
director. Substitution Egs. (4) in Egs. (5) gives the follow-

ing expressions

pk((p, C1) = Cl|sin(k - l)(p'l/(k_l),cl > 0, (6)
K]

— = cos (k - 1)(p), (7)

dz 1 c2,%20K

where glp, z) = (\/pz + z2 - )p_l.

One can see from Eqg.(6) that in the xy-plane there is a
point singularity, which has exactly the same director field
around it as a Frank disclination of the strength k; the di-
rector lines in this plane are symmetric about rotations
through the w/lk-1l-angles for k=(2n+1)/2 and 2n/|lk-1|-
angles for k=n respectively. What this means is spatial di-

rector lines lie in the cylindrical surfaces (6). Because of
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alk=+1/2 (o) /\Z bYk=+1/2 (&)

c)k=+3/2 (a") a)k=+3/2 (&)

FIGURE 1 Half-integral defects of cylindrical type.
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a)k=+2 z

b)k=-1

FIGURE 2 Integral de-
fects of cylindrical type

this such a structure can
be labeled as a defect of
cylindrical type. Eg.(7) is
invariant with respect to
the conversion y—-y, hence
the director fields are
symmetric about xz-plane,
to say the least. Moreover,
at C = 1 there is a symme-
try about xy-plane. In the
subsequent discussion such
structures will be referred
to as mirror-symmetric
ones.

FIGURES 1 and 2 depict
structures of cylindrical
type with mirror symmetry
for some values k; they
have been obtained by the
numerical integration of
Eg. (7).

For k={(2n+1)/2 the di-
rector field has a single
symmetry plane xz, with the
solutions oy and aj corre-
sponding to the different
structures - with minimum
or maximum on the director
lines intersected the sym-
metry plane xz. Another
plane of symmetry (xy)
arises at C = 1 (FIGURE 1)

in this case these struc-

~.

tures differ from the cor-
responding Frank disclina-

tions by only small-scale
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symmetric “escaping” of director along z-axis.

For k=n the director lines are not closed. For k > O
vector lines emerge out of the origin of cocordinates and, in
going through one complete revolution around the cylinder
P (9,C1), go to infinity along the z-axis in the manner shown
in FIGURE 2a for C = 1. For k < 0 vector lines present hy-
perbolae; at C = 1 one end of the line asymptotically ap-
proaches xy-plane, but the second one moves away to great
distance from it (FIGURE 2b,c). In this case solutions aj
and o3 correspond to the same structures, which differ from
each other only by the rotation about z-axis.

Number of cylindrical surfaces py(¢,C;) increases by two
units as the parameter |k| increases by a unit; the result-
ing added plane of symmetry goes through z-axis.

In this way the integral structures of cylindrical type
have the symmetry group C|k-1|v. It includes |k-1| symmetry
planes intersecting along the z-axis at ®/lk-1{-angles. For

C = 1 one gets an orthogonal symmetry plane xy so that the
defects of mirror symmetry have the symmetry group Dy._qp-

At k = 1 that group degenerates into the group Dgy; this
corresponds to the axially symmetric point defects.

The characteristic feature of the mirror symmetric di-
rector fields of cylindrical type is only a slight variation

of their structures from the corresponding planar disclina-

. T .
tions near xy-plane (llnlai(g‘z)==-5). However as it moves
z—0

away from xy-plane the function aiﬂxzﬁ converges fast to 0
or m; that corresponds to director orientation along z-axis.
So, the considerable distortions take place around the ori-

gin (FIGURE 3). It should be mentioned that the surfaces
ay(p, z) and og(p, z) are symmetric about the plane z = 0 and

for the different k they do not differ from each other

qualitatively. Moreover, from the relation

9
lim ai(p, z) = ia(l - sign(z)) it follows that director field
p—0

N, (F) is not defined at ¥=0 at all k. This means that in the

director field there is a point defect.
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/2

FIGURE 3

From FIGURE 3 it will be obvious that there exists a
continuous mapping of a%“zz? onto a horizontal plane
o = ® / 2. Taking into consideration that Ny (¥) is a continu-
ous function of a%“xzﬂ one can conclude that it is possible

for planar disclinations (2) and defects of cylindrical type
of the same k to transform into each other as the energetic
considerations require.

TOPOLOGICAL ALYST

Degree of mapping for the structures under consideration is

defined as
_ 1 ([l e oa W f
N = 47‘{! % 57]] gdﬁdn =5 oL(O)snnov. do. = K|, (8)

where (§,m) are arbitrary coordinates on the spherical sur-

face S with a defect at the centre. It is seen from (8) that
the degree of mapping does not depend on parameter C, and
classes of topologically equivalent configurations are la-
beled by a set of integer and half-integer |ki.

The type of topological defect in nematics is known to
be specified® by the kind of a compact set of points on the
surface of a unit sphere $?\Z, with identified antipodal
points (or projective plane RP? what is the same). This set
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is covered by the “arrow” of directors (if they are put from
the sphere centre S2\Z,) when the point or line defect is
gone around over a closed surface or a loop. Such a set can
be one of the three types:

1) a closed surface Xy, which covers RP?2 N times; it
corresponds to a point defect of a strength N;

2) a nonshrinkable closed loop Y1,5, which connects two
antipodal points of RP2; it corresponds to the stable half-
integral line disclinations;

3) a nonclosed surface X; (or a nonclosed contour vg),
which is continuously shrinkable to a point; it corresponds
to a topologically unstable point (or line) defect with the
director field that can be continuously deformed into the
homogeneous one.

According to this classification the director fields of
cylindrical type with the integer degrees of mapping N, cor-
respond to surfaces Xy. Therefore they have point defects
both in terms of topology and in terms of analysis of singu-
lar points of the corresponding vector function ny(¥).

Director fields of cylindrical type with the half-
integer degrees of mapping N=n+1/2, correspond to surfaces
Iy, covered RP? n+l1/2 times. Such a surface is not shrink-
able to a point, but it is topologically equivalent to a
loop ¥1,3.- This means that a half-integral defect of cylin-
drical type is topologically eqguivalent to the half-integral
stable disclination. Formally a shrinking of Zy to yg+1,2 is
equivalent to a continuous mapping the function a%(p Z) to
a =7 / 2 In this case the half-integral defect of cylindri-
cal type transforms into a planar Frank’s disclination of

the corresponding strength.
ENERGY QOF DEFECT F_CYLINDRICAL TYPE

Let us calculate the free energy of elastic distortion aris-
ing in the nematic sample if there are defects of cylindri-

cal type.
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Free energy density of nematic distortions in one-
constant approximation of the continuum theory K; = K (i =
1,2,3) takes the form

K . 2\2 ~\2
f= 5—«dlv n) +(rot n)}.
Substituting of Eqg.(4) into this relation and integrating it

over the spherical volume of radius R give the following ex-

pression for the distortion energy
+ Eg 2
B (o, 0) = 7!kl 1 + C%kJ)(C)}. (9)

Here Er = 8nKR is the energy of the radial hedgehogl;
lkl_l(l — szlkl) 1 — x

2Xlk,)3 1+ x

T X
JkWﬂ = (10)
0 (l + C
As the integral function JkﬁC) > 0, one can see from

Eg. (9) that the positive defects of cylindrical type always

have more energies than the negative defects. Also E,(C) and

E
E_x(C) are symmetric about E; = -éilkh and have the extreme
values at C = 1 (maximum for k > 0 and minimum for k < 0).

The difference in energy between positive and negative de-
fects of mirror symmetry is to AE.(C = 1) = 8mKRk2Jy and it
converges to the constant limit AEy ;;, = 47KR (at k 2 10 |AEy
- AEx jipl € 0,0337KR) rather rapidly. Hence J|(C = 1) = 1/2k?
and Eg. (9) can be written as the simple analytic formula for

reasonably large k

1
Ex(C = 1) = 4nKR(|k| + Esign(k)} k # 1. (11)

Thus, if the value of parameter C is not fixed then
only negative defects of mirror symmetry of the type
sketched in FIGURE le,f and 2b,c will be energetically sta-
ble. For the positive defects a relaxation into the symmet-
ric states with C = 0 and C - © with energy Ei are ener-
getically favourable.

It should be noted that the degenerate case k = +1 sat-
isfies (11) only at Cq = ©/2 and C = 1 when director lies in

the concentric circular cylinders. Hence such a structure is
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a defect of cylindrical type as well (FIGURE 4). But unlike
the corresponding planar disclination of the strength +1,
vector lines of this structure are spatial spirals with an
exponentially increasing pitch as the curve moves away from
xy-plane; the sign of a spiral is defined by the choosing of

a solution (4a) (a% or a7).

- T
a) ﬂ(afrﬁl =@+ 5)

FIGURE 4
DI ION AND NCLUSTION,

Therefore the sclutions of nematic equilibrium equations
permit integral and half-integral singularities of different
topological types and symmetries.

Point defects of cylindrical type (P°) differ essen-
tially from axially symmetric onesz(Pa) both in structure,
symmetry and energy. These two classes of point defects have
two common defects, namely, the radial and hyperbolic hedge-
hogs that possess the features characterized by both the
classes simultaneously.

Half-integral defects of cylindrical type (LF) are to-
pologically eqguivalent to the stable Frank's disclinations
of the half-integral strength (LF) and differ from the latter
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TABLE T
Type Solutions of Features Topological
equilibrium invariants
aquations
Planar dis- n director field is |N=0 when
clinations® (@ = 5’ orthogonal to the | k=n;
D _ disclination line {N=1 when
Ly Bxe) = ko =n+1/2,
n is inte-
ger
Defects of Giﬂf 9 = 1) the director a) N=|k|=
cylindrical ! o) has projection on |=n+1/2,
type Jata C'tanim'—' a plape ngrma} to defects'are
2/ the disclination topological
a) IS _ _ line which coin- -ly equiva-
(1f5§§§{2 Brl@) = ko cides with the lent to the
director field of |disclina-
I2; tions
b) Pfop 2) director 1185 b)N=iki=n;
(point) on e cylindri they are
cal surfaces )
point de-
o0, C1) (6) fects
Defects of ai«» - 3) In addition to |a) linear
cylindrical 1) and 2) they (FIGURE 1);
type with +oata tanﬂk;Q are symmetric b) point
mirror sym- |~ 2/ i about the xy- (FIGURE 2)
metry (C=1) _ plane
) o Bl = ko
a) Lyx=n+1/2i
b) ALY
Axially sym-{qa, () ~ k8, there are 2|k-1] N=|k],
metric peint B = sectors bounded k=n
defects? ¢ by the director
a straight lines
Fx
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TABLE I (continue)
Symmetry Energy of a single Interaction

defect

(Energy and Force)

1) translations
along the discli
nation line;
2)Cok-11vi21k-1]
symmetry planes
intersect on sym-
metry axis Czik-14
at »/2|k-1]-
angles

per unit length of
disclination:

2 R
Ey = =Kk In— + E_,
rC

Ec. and r. are core
energy and core ra-
dius respectively

Ep k(@ =

R
= nk(k; + k)% 1n — -

c

a
—27th1k2 1n 2rc ;

275Kk1k2

Fi k(@ = P

a)generally
there 1s one
plane of symme-
try (xz) passing
through the dis-
clination line
b)Cix-1)v: 1 k-1
symmetry planes
intersected on
axis Clk"ll

E) = 4n1<zdkf(1 + C2kJ|k|(C))
T ;Jkl‘l(l - szlkl)
0 (1 + cth")3

1-x
X
1+ x

I =

a) there are two
normal symmetry
planes xy and xz
b)D)x-1yn: 1k-1]
symmetry planes
intersect on
axis Cx-1, at
n/|k-1|-angles
and perpendicu-
lar symmetry
plane xy; for
even |k-1| there
is an inversion

Ey = 4nKlel(1 + kI‘k|)

I = JuiC =) = 2/ K
B, = £(k)

Don: a symmetry
axis Cyx and sym-
metry planes
passing through

Coo

E, =~ 2rn Ei@k;tig +
k= 2k - 1
N
2n -1}

n=1

B, = fk?)

B k(@ = B ix, + K@ %
{ kiky kg # —k,
K+ 4kl k =k =k
B (@ = mKIy X

{k1k2, k, # -k

** -4k, k =-k =k
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by 3D-distortions of directeor lines. These distortions are
the small-scale “escape” from the planes orthogonal to z-
axis. Formally this is reflected in the fact that the Carte-
sian components of director depend more on the spatial coor-
dinate (z). Also L are more energetically favourable to the
planar structures IP because of the linear dependence of en-
ergy on topclogical invariant k and because of an absence of
a divergence of the integral (9) at x=y=0.

Hence defects of cylindrical type are the “escaped”
structures of classic disclinations of the corresponding
strength. Planar disclinations of half-integral strengths k,
that are slightly distorted by the “escape”, remain to-
pologically as the disclinations. Planar disclinations of
integral strengths k “escape” completely and transform into
a point defect. Retention of a point singularity within xy-
plane is caused by equiprobability of the “escape” in both
the positive and negative directions along z-axis as it is
dictated by the symmetry of nematic equilibrium equations.

It should be noted that in the hyperbolic hedgehog,
which is labeled by both k = +1 and k = -1, one can consider
an “escape” of radial or hyperbolic planar disclination re-
spectively according to its orientation.

Therefore all the singularities of nematic director
field in 3D-space are divisible into four classes: planar
and non-planar disclinations, axially symmetric point de-
fects and point defects of cylindrical type. ’

The main results about structures, symmetry, topologi-
cal invariants, energy of single defect and interaction of

two defects are summarized in TABLE I.
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